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 One strategy to achieve PGEC in a 
material is to adopt a guest–framework/
host structure, in which the framework 
is electrically conducting while the guest 
reduces the lattice thermal conductivity. 
Such a guest atom has been termed by 
Slack and Tsoukala [ 3 ]  as a rattling atom 
or a rattler. It was proposed that these 
rattlers scatter the heat-carrying acoustic 
phonons to decrease the lattice thermal 
conductivity. To accommodate rattlers, it 
is reasonable to look for cage compounds 
with oversized atomic cages such as clath-
rates and partially fi lled skutterudites. For 
example, in Ba 8 Ga 16 Ge 30  clathrates, the 
oversized atomic cages are tetrakaideca-
hedra (24 atom) made of Ga and Ge atoms 
while a single Ba atom inside the cage 
behaves as a rattler. [ 4 ]  In M  x  Co 4 Sb 12  (M is 
a metal atom) skutterudites, the oversized 
atomic cages are icosahedra (12 atom) 

made of Sb atoms while a single M atom behaves as a rattler. [ 5 ]  
 Recently, tetrahedrites based on the Cu 12 Sb 4 S 13  composition 

with earth-abundant and environmentally friendly elements 
were discovered to be promising thermoelectric materials. For 
example, Lu et al. [ 6 ]  reported  zT  values in excess of unity at 700 K 
for Cu 12 Sb 4 S 13  codoped with Zn and Ni. Furthermore, lat-
tice thermal conductivity values of many compositions in 
this family are close to or below 0.5 W K −1  m −1  from 300 to 
700 K. [ 6,7 ]  Such a small value is generally only found in amor-
phous solids in which the phonon mean free path is close to 
the interatomic spacing, i.e., so-called minimum thermal con-
ductivity (MTC) by Slack. [ 8 ]  

 The crystallographic structure of Cu 12 Sb 4 S 13  has been 
known for decades since the early work of Wuensch. [ 9 ]  The 
space group is  I -43m and features two Cu sites (12d and 12e), 
two S sites (2a and 24g), and one Sb site (8c). Cu12e site is 
associated with large atomic displacement parameters (ADPs) 
even at ambient temperature. Thus it was proposed that Cu12e 
atoms behave as rattlers in Cu 12 Sb 4 S 13  based tetrahedrites. [ 7a,b ]  
However, in contrast to clathrates and fi lled skutterudites, no 
oversized atomic cages have been identifi ed in tetrahedrites. 
To understand MTC in similar compounds such as Cu 3 SbSe 4 , 
CuSbSe 2 , and Cu 3 SbSe 3 , Skoug and Morelli [ 10 ]  focused on the 
infl uence of electron lone pairs of Sb and suggested that the 
electrostatic repulsion between Sb lone pairs and neighboring 
Se atoms creates the anharmonicity in the lattice and hence 
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  1.     Introduction 

 Thermoelectric devices enable direct conversion between 
thermal energy and electrical energy and hold great potential in 
solid-state waste heat recovery and cooling applications. [ 1 ]  The 
performance of thermoelectric materials is controlled by both 
thermal and electrical properties and is quantifi ed collectively 
by a dimensionless fi gure of merit  zT  =  S  2  σT / κ , where  S  is the 
Seebeck coeffi cient,  σ  is the electrical conductivity, and  T  is the 
absolute temperature. The thermal conductivity  κ  includes both 
the electronic  κ  e  and lattice contributions  κ  L  as  κ  =  κ  e  +  κ  L . The 
electrical and thermal conductivities of electrons are correlated 
by the Wiedemann–Franz law. Thus to achieve high  zT  values, 
it is desirable to increase the electrical conductivity  σ  while 
decreasing the lattice thermal conductivity  κ  L . Such a concept 
has been coined by Slack as phonon glass/electron crystal 
(PGEC). [ 2 ]  
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the MTC. In Cu 12 Sb 4 S 13  tetrahedrites, it has been hypothesized 
that Sb lone pairs have a similar infl uence. However, such an 
argument implies that the lone pairs are only sterically or ste-
reochemically active, [ 11 ]  consistent with the valence shell elec-
tron pair repulsion theory. The exact chemical nature of inter-
action between the Sb lone pairs and other lattice atoms and 
its contribution to rattling remain elusive. For example, is the 
chemical bonding between Sb and Cu12e ionic or covalent? 
Do Sb lone pairs participate directly in the bonding? What 
is the direct connection between Sb lone pairs and rattling/
anharmonicity? 

 The objective of the present work is to obtain atomic insight 
into chemical bonding and atomic dynamics in the prototyp-
ical tetrahedrite Cu 12 Sb 4 S 13 . We study the chemical bonding 
by employing real-space descriptors such as atomic charge, 
bond order (BO), and electron localization function [ 12 ]  (ELF) 
to quantify the ionicity, covalency, and lone pair bonding 
capability of various atomic pairs (especially Cu12e–Sb pairs). 
These descriptors build on the electron charge density com-
puted from the density functional theory (DFT). An atomic 
charge value of zero indicates pure covalency while a value of 
formal charge refl ects pure ionicity. Similarly, a bond order 
value of zero indicates pure ionic and a value of one refl ects 
a full single covalent bond. Finally, an ELF value of 0.5 indi-
cates delocalized electron gas while a value of one refl ects full 
localization. The region with high ELF values signifi es the 
position of covalent bonding or electron lone pairs. In addi-
tion, we study the atomic dynamics, especially the anharmonic 
rattling, by employing real-space descriptors such as vibra-
tional density of states (VDOS), mean square displacement 
(MSD), and atomic probability density function (p.d.f.) on the 
atomic trajectory from the DFT-based fi rst-principles molec-
ular dynamics (FPMD) simulations. FPMD has the advantage 
over lattice dynamics in that it naturally incorporates anhar-
monicity. Electron density and atomic dynamics from the 
calculation are validated against results from the synchrotron 
diffraction.  

  2.     Results 

  2.1.     Crystallographic/Average Structure 

 Based on the commonly accepted crystallographic model of 
Cu 12 Sb 4 S 13  from Wuensch [ 9 ]  and Pfi tzner et al., [ 13 ]  Rietveld 

refi nement (“RR”) results from synchrotron data at 100 and 
295 K are presented in Table S1 (Supporting Information). 
These structural parameters are similar to those from X-ray dif-
fraction of Cu 12 Sb 4 S 13  single crystals [ 9,13 ]  and from synchrotron 
powder diffraction of Cu 11 Ni 1 Sb 4 S 13  [ 7b ]  at similar temperatures. 
Such crystallographic structure will be named as “average0” 
structure for the following discussion. Some representative 
units in the “average0” structure are shown in  Figure    1  . First, 
each Cu12d atom forms a tetrahedron with four S24g atoms 
(Figure  1 a). Second, each Cu12e atom forms a triangular 
planar coordination with one S2a atom and two S24g atoms 
(Figure  1 b). This CuS 3  trigonal plane was treated as a funda-
mental structure unit in the previous studies. [ 9,13 ]  However, we 
will incorporate the two Sb atoms above and below the plane 
to form a Sb[CuS 3 ]Sb trigonal bipyramid. The angle of Sb–
Cu12e–Sb triplet is ≈175°. Plotting anisotropic ADPs of Cu12e 
atoms in the form of 90% probability ellipsoids indicates that 
their displacement is perpendicular to the triangular plane. It 
is convenient to transform the original coordinate system ( x ,  y ) 
to the new one ( x  +  y , − x  +  y ) so the elongation of Cu12e is 
along the − x  +  y  direction. Third, each Sb atom is coordinated 
with three S24g atoms as an SbS 3  trigonal pyramid (Figure  1 c). 
Again, we will incorporate the Sb–Cu12e pairs to form an 
S 3 SbCu 3  trigonal antiprism. In terms of S coordination, each 
S2a is coordinated with six Cu12e atoms, while each S24g atom 
is coordinated with one Sb, one Cu12e, and two Cu12d atoms 
(not shown).  

 Noteworthy in Table S1 (Supporting Information) is the 
unusually large anisotropic ADPs ( U  2′2′  = 0.1091 Å 2 ) of Cu12e 
atoms even at 100 K, suggesting possible static/positional (e.g., 
off-center) disorder that is common in ionic conductors. For 
example,  U  11  of lithium at 48g site is as large as 0.12 Å 2  at 10 K 
in lithium garnet oxide Li 5 La 3 Ta 2 O 12 . [ 14 ]  This was reconciled 
by a split-site model using a low-symmetry site, i.e., 96h, 
along the direction of abnormal displacement. In the clath-
rate thermoelectric Sr 8 Ga 16 Ge 30 , the split-site model was also 
employed for the Sr2 atom. [ 15 ]  Enlightened by this approach, 
here we replace the on-center/in-plane 12e site with off-center 
48h site that is out of the triangular plane, as can be visu-
alized in Figure  1 d. Two Cu48h atoms are visible due to the 
symmetry of the site. Rietveld refi nement results for this split-
site model, called “average1” hereafter, are shown in Table S2 
(Supporting Information). We only applied isotropic ADPs 
for Cu48h sites. The overall quality of the refi nement, lattice 
parameters, atomic coordinates, ADPs of Cu12d, Sb, S2a, and 
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 Figure 1.     Representative structure units in the a–c) “average0” and d) “average1” structures of Cu 12 Sb 4 S 13 . a) A CuS 4  tetrahedron with Cu12d and 
S24g. b) A Sb[CuS 3 ]Sb trigonal bipyramid: S2a and S24g atoms around Cu12e atom in the triangular plane; side view of the plane with Sb atoms above 
and below; atomic displacement in the form of ellipsoids (90% probability); relation between the original ( x ,  y ,  z ) and new coordinate ( x  + y , − x  + y ,  z ) 
system. The local lattice vectors of the new coordinate system will be named as 1′, 2′, and 3′. c) A S 3 SbCu 3  trigonal antiprism with Sb, S24g, and Cu12e 
atoms. d) Off-center/out-of-plane Cu atoms in the split-site “average1” model. The same color code, i.e., pink for Cu12d, blue for Cu12e/Cu48h, green 
for S2a, yellow for S24g, and brown for Sb, is used throughout this work.
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S24g are almost identical between “average0” and “average1” 
structures. The isotropic ADPs of Cu48h declined to values of 
around 0.02–0.03 Å 2 , comparable to those of Cu12d. The out-of-
plane distances of Cu48h are around 0.27 and 0.30 Å at 100 and 
295 K, respectively.  

  2.2.     Valence Electron Charge Density and Bonding: Average0 

 Chemical bonding in materials can be understood from the 
valence electron charge density resulting from the DFT-based 
energy minimization. The charge density and ELF maps 
encompassing the structure units around Cu12e and Sb atoms 
in the “average0” structure are shown in  Figure    2  a,b, respec-
tively. In Figure  2 a, electron sharing (connected isosurfaces) 
can be clearly observed between Cu12e–S2a, Cu12e–S24g, and 
Sb–S24g pairs, while there is limited sharing between Cu12e 
and Sb atoms. The “crescent-moon” shape around Sb is a clear 
indicator of the existence of electron lone pairs. The electron 
sharing can be better visualized by the ELF map in Figure  2 b. 
First, the ELF function of Sb lone pairs is in the “bean” shape. 
Second, electrons between Cu12e and S24g are localized close 
to the S24g atoms, as expected from the larger Pauling electron-
egativity value of S (2.5) compared with Cu (1.9). [ 16 ]  Between 

Cu12e and S2a pairs, electrons are localized toward the S2a 
atoms, with a smaller ELF value compared with Cu12e–S24 
pairs. Similarly, electron localization between Sb and S24g 
atoms can be observed. Since the Pauling electronegativity 
of S is larger than that of Sb (1.9), the electron is localized at 
the S side. In addition to 2D maps, ELF functions can also 
be examined in 3D to gain a spatial perspective. For example, 
the “bean”-shaped Sb lone pairs behave as a “mushroom” sur-
rounded by three Cu12e atoms, as shown in Figure  2 c. On the 
other hand, the electron localization between Sb S24g bonds 
in Figure  2 c and Cu12d S24g bonds in Figure  2 d resembles a 
“dried-mushroom.”  

 In addition to 2D and 3D maps, electron charge density 
can be quantifi ed as atomic charges around atoms and bond 
orders between atom pairs, as shown in Table S3 (Supporting 
Information). Two types of atomic charges, i.e., Bader and 
density derived electrostatic and chemical charge (DDEC), 
are employed in the present study. The Bader charge method 
assigns atomic regions according to zero fl ux surfaces of the 3D 
charge density. [ 17 ]  DDEC charges are derived from fi tting the 
electrostatic potential and could refl ect the real charge relevant 
to Coulombic interaction. [ 18 ]  As expected, these two different 
methods lead to different values of charges. In the following 
discussion, we will focus on the DDEC charge method together 
with DDEC bond orders but discussion results will not change 
if we use the Bader charge method. First, we noticed that all 
atomic charges deviate signifi cantly from their formal values, 
suggesting predominantly covalent bonding. Second, the obser-
vation that Cu12d has a higher positive charge (0.43) than 
Cu12e (0.35) suggests that Cu12d is slightly more ionic than 
Cu12e. This is supported by the lower bond order of Cu12d
S24g (0.61) compared with Cu12e S24g (0.77). The bonding 
between Sb and S24g is mainly covalent with a high bond 
order of 0.95. Interestingly, a bond order of 0.10 was detected 
between Cu12e and out-of-plane Sb atoms.  

  2.3.     Local Structure 

 Both the “average0” and “average1” structures are from crys-
tallographic studies. If we relax the atoms in the “average0” 
structure and perform DFT-based energy minimization, 
atoms will be displaced and we name the resulting structure 
as “local0.” The structure and bonding in “local0,” shown 
in Table S3 (Supporting Information), is similar to that in 
“average0,” except that the bond order of Cu12e–S2a (0.67) is 
smaller than Cu12e–S24g (0.79) in “local0,” while the oppo-
site was observed in “average0.” In “average0,” each Sb atom 
is connected to three Cu12e atoms with a length of 3.402 Å. 
From the following discussion of FPMD results, the Cu12e–Sb 
distance can vary from 2.5 to 4.3 Å. We will designate the rep-
resentative frames in the atomic trajectory of FPMD simula-
tion as “localx.” For example, we selected one snapshot from 
the trajectory (hereafter named “local1”) for which one Sb 
atom, named Sb1, has one long bond (3.928 Å), one medium 
bond (3.265 Å), and one short bond (2.771 Å). In addition, we 
selected another snapshot (hereafter named “local2”) for which 
one Sb atom, also named Sb1, has three short bonds (2.776, 
2.828, and 2.863 Å).  
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 Figure 2.     Valence electron density and ELF maps of the “average0” 
structure. a) Valence electron density map projected onto a (101) plane 
showing the coordination of Cu12e, Sb, S2a, and S24g atoms. b) ELF map 
of the same atoms as in (a). c) ELF map of a S 3 SbCu 3  trigonal antiprism 
showing the covalent bonding between Sb and S24g and the electron lone 
pair of Sb (isosurface level of 0.82). d) ELF map of a CuS 4  tetrahedron 
showing the covalent bonding between Cu12d and S24g (isosurface level 
of 0.86).
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  2.4.     Valence Electron Charge Density and Bonding: Local1 
and Local2 

 Charge density and ELF maps of the “local1” snapshot are 
shown in  Figure    3  a,b. This snapshot captures the out-of-plane 
(plane shown as the dashed line in Figure  3 a) motion of one 
Cu12e atom, with a distance between Cu12e and the closer 
Sb1 atom of 2.771 Å. The farther Sb2 atom has three distances 
to Cu12e (3.234, 3.516, and 3.891 Å) with 3.891 Å shown in 
Figure  3 a. While limited electron sharing is observed between 
Cu12e and two Sb atoms in Figure  2 a, much stronger sharing 
is visible between Cu12e and the closer Sb1. The bond order 
of Cu12e–Sb1 pair is 0.35, indicating signifi cant increase of 
covalent bonding. On the other hand, there is almost no elec-
tron sharing between Cu12e–Sb2 with a bond order of 0.04. 
At the same time, the DDEC charges of Sb1 and Sb2 atoms 
are 0.577 and 0.618, respectively. This suggests that the motion 
of Cu12e atom strongly modulates the electron density distri-
bution in the material. The ELF map reveals that the localiza-
tion region of the bonding Sb1 atom is smaller than that of the 
nonbonding Sb2 atom on the other side of the plane. This is 

 apparently caused by the increased covalent bonding between 
Sb1 and Cu12e, while all three Cu12e–Sb2 distances can be 
considered as nonbonding, similar to that in Figure  2 b.  

 The ELF map of the “local2” snapshot is shown in Figure  3 c. 
The distance between Sb1 and Cu12e on the projection plane 
is 2.828 Å with a bond order of 0.30. The distance between 
Sb2 and Cu12e on the map is 3.709 Å with a bond order of 
0.05. These values are similar to those in “local1” snapshot. 
The ELF region around Sb1 exhibits features closer to covalent 
bonding instead of lone pairs. This can be better visualized in 
the 3D space in Figure  3 d. While the “mushroom” shape of 
electron lone pairs persists for the nonbonding Sb2 atom, the 
lone pairs of the bonding Sb1 atom separate into three “dried-
mushroom” regions, similar to other covalent bonding confi gu-
rations between Sb and S. From the comparison of ELF maps 
of covalent electron “pairs” and lone electron pairs, it can be 
seen that the covalent electrons are more localized with inter-
mediate high ELF values, while lone pairs are more delocalized 
with very high ELF values. The DDEC charges are also shown 
Figure  3 d. The charge of Sb1 is lower than that of Sb2 since 
it has three short Cu12e–Sb pairs with signifi cant amount of 
covalent bonding.  

  2.5.     Bond Order versus Bond Distance 

 To focus on the bonding environment in the Sb[CuS 3 ]Sb trig-
onal bipyramids, we compiled the bond order values of Cu12e–
Sb, Cu12e–S2a, and Cu12e–S24g pairs from selected “localx” 
structures; the results are plotted in  Figure    4   as a function of 
the bond distance (BD). Each dataset can be fi tted to an expo-
nential dependence as BO =  a ·exp(−BD/ b ). In addition, we 
also compiled the bond distances of the three pairs from the 
FPMD trajectory and plotted the average values and standard 
deviation in Figure  4 . All three bonds have average values very 
similar to those in the “local0” structure (Table S1,  Supporting 
Information), suggesting that “local0” is able to capture 
ensemble average of the dynamics. The average bond order of  
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 Figure 3.     Valence electron density and ELF maps of the a,b) “local1” and 
c,d) “local2” structures. a) Valence electron density map of the “local1” 
structure projected onto a (101) plane showing the coordination of Cu12e, 
Sb, S2a, and S24g atoms. The dashed line represents the triangular plane. 
b) ELF map of the same atoms as in (a). c) ELF map of the “local2” struc-
ture projected onto a (101) plane. d) ELF maps of a Sb[CuS 3 ]Sb trigonal 
bipyramid (isosurface level of 0.87) with DDEC atomic charges.

 Figure 4.     Plot of bond order as a function of bond distance of pairs 
within Sb[CuS 3 ]Sb trigonal bipyramids. The solid lines represent the fi t to 
the equation BO =  a ·exp(−BD/ b ) with  a  and  b  values: Cu12e–S2a (130.0, 
0.44 Å), Cu12e–S24g (79.0, 0.49 Å), and Cu12e–Sb (122.1, 0.47 Å). The 
error bars represent the standard deviation of bond distances from the 
FPMD trajectory at 300 K.
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Cu12e–S24g (0.75) is higher than that of Cu12e–S2a (0.66), 
consistent with values from the “local0” structure. The out-of-
plane bond pairs Cu12e–Sb have an average bond order of 0.10. 
We believe such bonding asymmetry is closely related to the 
anharmonicity to be discussed shortly.   

  2.6.     Total Electron Charge Density 

 X-ray diffraction probes the total, rather than the valence, elec-
tron density distribution in the material. Total electron charge 
density maps from the Rietveld refi nement (a) and maximum 
entropy method (MEM) analysis of diffraction data (b), and 
DFT-based energy minimization (c) are shown in  Figure    5  . 
First, the information on the location and shape of lone electron 
pairs of Sb is missing from the total electron density map in 
Figure  5 c, even by choosing different contour ranges. Second, 
electron sharing between covalent bonding of Sb S and Cu
S can be identifi ed in the map from the Rietveld refi nement 
in Figure  5 a. However, a close inspection indicates that the 
electron sharing is not as strong as in Figure  5 c. This can be 
understood from the assumption of the Rietveld refi nement 
employed in the present study: independent and harmonic 
motion with spherical electron density. This will only yield a 
3D Gaussian distribution around each atom and cannot treat 
the electron sharing in covalent bonding intrinsically. However, 
overlapping of the Gaussian tails between neighboring atoms 
will lead to increased local electron density that resembles cova-
lent bonding. Thus it is still feasible to study covalent bonding 
based on the Rietveld refi nement. The MEM analysis recon-
structs the total electron density by maximizing the informa-
tion entropy that depends on the electron density. [ 19 ]  Results 
from the Rietveld refi nement were used as the constraint in the 

MEM analysis. However, there is no independent, harmonic, or 
spherical requirement. As expected, the electron density from 
the MEM analysis is highly anharmonic and delocalized in 
Figure  5 b, in which the electron sharing within covalent bonds 
can be clearly identifi ed.   

  2.7.     Vibrational Density of States and Atomic Displacement 

 Armed with this new knowledge of the chemical bonding, we 
now examine the dynamic behaviors to correlate the chemical 
bonding and atomic dynamics. First, the temperature depend-
ence of lattice parameters from the FPMD simulation and dif-
fraction experiments are comparable (Figure S1, Supporting 
Information). Second, the VDOS of all atoms are shown in 
 Figure    6   for both 300 and 600 K. Broadly speaking, there are 
two groups of peaks: one group of low-lying modes (0–25 meV) 
and the other group of high-energy modes (25–60 meV). Sim-
ilar separation of low- and high-energy modes was observed 
in a lattice dynamical study of Cu 12 Sb 4 S 13 , along with negative 
energy modes. [ 7a ]  In Figure  6 a, high-energy modes are mainly 
attributed to S atoms, while all atoms contribute to the low-
lying modes. The lower-end of these low-lying modes (<5 meV) 
exhibits a peak marked by the dashed line at around 4 meV 
(equivalent to 48 K, 1 THz, or 33 cm −1 ). We call these modes as 
quasilocalized since they are predominately associated a subset 
of atoms in the material, i.e., Cu12e. These modes signify weak 
bonding due to their low frequencies and low energies. [ 20 ]  In 
addition, they can also be considered as large-amplitude vibra-
tion modes since the frequency/energy is inversely proportional 
to amplitude. In a similar compound Cu 3 SbSe 3  also containing 
two groups of Cu atoms (Cu1 and Cu2), the vibrations of Cu1 
and Cu2 are closely coupled with no quasilocalized modes. [ 20b ]  
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 Figure 5.     Total electron density maps on a (101) plane. a) Rietveld refi nement of synchrotron diffraction data. b) Maximum entropy method analysis 
of synchrotron diffraction data and c) DFT calculation of the “average0” structure.

 Figure 6.     Vibration density of states in Cu 12 Sb 4 S 13  tetrahedrites at 300 and 600 K. a) Isotropic motion of all atoms. b) Anisotropic motion of Cu12e 
atoms. The dashed line indicates the vibration peak at ≈4 meV.
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In Figure  6 a, the higher end of low-lying modes of Cu12e 
(5–20 meV) are less localized. For example, atoms of Cu12e, 
Sb, Cu12d, and S24g all exhibit a peak at around 7.5 meV in 
Figure  6 a, suggesting that vibration of Cu12e in this energy 
range is globally coupled to that of other atoms. Similar low 
energy modes were observed in Yb 0.2 Co 4 Sb 12  skutterudite for 
Yb atom [ 21 ]  and in Ba 8 Ga 16 Ge 30  clathrate for Ba atom at ≈5 
meV. [ 22 ]  A recent study of Cu 10 Zn 2 Sb 4 S 13  found that three Ein-
stein modes at ≈1.0, 2.8, and 8.4 meV are required to describe 
the low-temperature heat capacity from a combined Debye/
Einstein model. [ 23 ]  As the temperature is increased to 600 K, 
the fraction of the higher energy region in the low-lying modes 
increases.  

 To correlate the “rattling” modes with atomic motion, we 
further plotted the anisotropic VDOS of Cu12e in Figure  6 b. 
Clearly the “rattling” modes are due to the Cu12e vibration 
along the 2′2′ direction, which is the out-of-plane vibration 
shown in Figure  1 b. The out-of-plane “rattling” modes are also 
correlated with an out-of-plane displacement. We analyzed the 
atomic trajectory at 300 K to obtain a distribution of distance of 
Cu12e to the triangular plane, shown in Figure S2 (Supporting 
Information). A large fraction of Cu12e atoms actually sit at or 
close to in-plane positions, although the out-of-plane distance 
can be as large as 0.8 Å. The average distance is 0.27 Å with a 
standard deviation of 0.18 Å. This value of 0.27 Å is very close 
to 0.30 Å in the “average1” structure, which could indicate the 
advantage of the split-site over anisotropic model. It is also 
close to 0.32 Å from the lattice dynamic study. [ 7a ]  

 In the time domain, crystallographic ADPs ( U ) can be 
obtained from the mean square displacement analysis of the 
FPMD trajectory. These values, labeled as “MSD,” are shown 
in  Figure    7  , along with those from the Rietveld refi nement. The 
standard Rietveld refi nement method treats each ADP param-
eter as an independent harmonic oscillator with a single fre-
quency. For example, the anisotropic ADP of  U  2′2′  of Cu12e 

being 0.1431 Å 2  at 300 K (Table S1, Supporting Information) 
corresponds to a delta peak at 3.45 meV in the VDOS plot 
in Figure  6 b. The difference between “MSD” and “RR” plots 
in Figure  7  is thus likely caused by the atomic correlation or 
anharmonic effects. Furthermore,  U  2′2′  values of Cu12e from 
the “MSD” approach start to reach a plateau (corresponding to 
displacement of 0.35 Å) as the temperature increases. This sug-
gests that the increase in size of the Sb[CuS 3 ]Sb trigonal bipy-
ramid lags behind the increase in amplitude of Cu12e, causing 
a confi ned cage for its out-of-plane motion.  

 According to the Lindemann criterion of melting, [ 24 ]  the 
ADP parameter is related to the Lindemann melting param-
eter  δ  as RADP /1/2

NNδ = , where  R  NN  is the nearest-neighbor 
distance. The large ADP value of  U  2′2′  = 0.1431 Å 2  of Cu12e 
atoms and a 3.2 Å of  R  NN  yield a  δ  parameter of 0.12, 
exceeding the melting threshold value of 0.07. A much larger 
Lindemann parameter of 0.44 for two types of Cu atoms was 
observed in a similar compound Cu 3 SbSe 3 , leading to part-
crystalline and part-liquid structure. [ 20b ]  However, neither 
the time dependence of MSD, the frequency dependence of 
VDOS, or the atomic p.d.f. to be discussed shortly exhibits dif-
fusive dynamics in Cu 12 Sb 4 S 13  tetrahedrites up to 600 K. Thus 
we characterize Cu 12 Sb 4 S 13  tetrahedrites as part-crystalline and 
part-glassy instead.  

  2.8.     Anharmonicity: Atomic p.d.f. 

 Just as the valence/total electron charge density can be 
employed to understand the electronic structure discussed pre-
viously, nuclear density, also called number density or atomic 
p.d.f., can be utilized to investigate the time-averaged atomic 
dynamics. If the atomic motion is independent and harmonic, 
as assumed in the Rietveld refi nement, the nuclear density is 
a 3D Gaussian function and nuclear density isosurface shape 

should be either spherical (isotropic) or 
ellipsoidal (anisotropic). The nuclear density 
maps of all atoms in Cu 12 Sb 4 S 13  tetrahedrite 
at 300 K are shown in  Figure    8  . 3D maps 
viewed along [111] directions are shown in 
(a–e), with an isosurface level of 0.5 Å −3 . It 
is to be noted that the isosurface in Figure  1 b 
corresponds to the surface within which the 
integration of p.d.f., i.e., probability, is 90%. 
In Figure  8 , it can be seen that the motion 
of Cu12d, Sb, S2a, and S24g atoms is close 
to being harmonic, considering the sphe-
roid shape. However, the motion of Cu12e 
is highly anharmonic. While there is clearly 
elongation across the triangular plane, the 
shape of isosurface is not close to being ellip-
soid. To better visualize the anharmonicity, 
nuclear density maps are projected onto a 
(101) plane where different isosurface levels 
are visible. As expected, the density maps are 
harmonic for data from the Rietveld refi ne-
ment, i.e., Figure  8 f. The slight deviation 
from a circle or ellipse is due to the fi nite 
pixel resolution (0.1 Å along each direction). 
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 Figure 7.     Isotropic/anisotropic atomic displacement parameters of Cu 12 Sb 4 S 13  tetrahedrites 
at different temperatures. Solid lines are guides to the eye. a) Isotropic atomic displacement 
parameters of all atoms. Values from the Rietveld refi nement of synchrotron diffraction experi-
ments in this work and from Pfi tzner et al. [ 13 ]  are labeled as “RR.” Values from the analysis of 
mean square displacement (MSD) of the FPMD trajectory are labeled as “MSD.” The crystal-
lographic U values are half of the corresponding MSD values. b) Anisotropic atomic displace-
ment parameters of Cu12e atoms in the local coordination system.
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As shown earlier in Figure  1 b, the angle of Sb–Cu12e–Sb triplet 
is ≈175°, while FPMD results suggest a linear connection.  

 To further quantify the magnitude of the deviation from a 
Gaussian function for the Cu12e atom, the line profi les of 
atomic p.d.f. and one-particle potentials (O.P.P.) along the 
Sb–Cu12e–Sb directions are shown in  Figure    9  a. Two dif-
ferent Sb–Cu12e–Sb triplets, called Directions 1 and 2, are pre-
sented. The atomic p.d.f. of Cu12e has multiple peaks instead 
taking a single Gaussian shape. These peaks convert to three 
visible local minima in the O.P.P. plot. If we use the split-site 
model, i.e., “average1,” there are two out-of-plane positions at 
≈0.30 Å with a double-well potential, consistent with the lat-
tice dynamic study of Lu et al. [ 7a ]  The overall shape of O.P.P. 
of the two  directions and the split-site model can be fi t with 

a quartic polynomial as shown in Figure  9 a, which suggests 
the overall potential surface is fourth-order anharmonic. Such 
a quartic potential was also reported in X 8 Ga 16 Ge 30  clathrate 
(X = Eu, Sr, Ba) studied by Raman scattering. [ 25 ]  Examination 
of O.P.P. of other atoms suggests that their potential can be 
fi t into either a harmonic or a quartic potential with a quartic 
potential giving a slightly better fi t.  

 We can apply the similar concept to the bond distance. First 
we obtain the probability density functions of bond distances of 
Cu12e–S24g, Cu12e–S2a, and Cu12e–Sb pairs from the FPMD 
trajectory. Then we convert them to effective one-pair-poten-
tials (O.Pr.P.) as shown in Figure  9 b. The potentials between 
Cu12e and S2a/S24g depend on the bond distances in a fashion 
typical of asymmetrical anharmonicity, e.g., a Morse function. 
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 Figure 8.     Nuclear density maps at 300 K. 3D nuclear density maps from the FPMD of atoms a) Cu12e, b) Cu12d, c) Sb, d) S2a, and e) S24g viewed 
along [111] direction, with an isosurface level is 0.5 Å −3 . f) 2D projection onto a (101) plane for Rietveld refi nement results. g) 2D projection onto a 
(101) plane for FPMD results.

 Figure 9.     Atomic p.d.f. and effective potentials depicting the anharmonicity. a) 1D line profi les of atomic p.d.f. and one-particle-potential (O.P.P.) 
values along Sb–Cu12e–Sb triplets. Directions 1 and 2 and two different Sb–Cu12e–Sb triplets. Results from the split-site model, i.e., “average1,” are 
also shown for comparison. In the p.d.f. plot, solid lines are guides to the eye. In the O.P.P. plot, solid lines are quartic fi t. b) Bond distance p.d.f. and 
O.Pr.P. values of Cu12e–S24g, Cu12e–S2a, and Cu12e–Sb pairs. Solid lines are guides to the eye.
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The potential of Cu12e–Sb pair is close to being symmetric of 
a fourth-order polynomial. Its fl at bottom implies that large 
change of bond distance can be accommodated without much 
energy penalty, which drives the low-frequency/large-amplitude 
vibration modes.  

  2.9.     Bonding Fluctuation 

 As discussed previously, the bond length is closely related to the 
bond order. In order to study how the bonding of three Cu12e–
Sb pairs changes around Sb atom, we plotted the variation of 
bond lengths as a function of simulation time in  Figure    10  . 
First, it can be noticed that the bond length of each Cu12e–Sb 
pair oscillates around an equilibrium value (3.339, 3.293, and 
3.316 Å), i.e., bottom panel of Figure  10 . The equilibrium value 
corresponds to Cu12e being located in the middle of two Sb 
atoms. Then we assigned a value of 1 (bonding) and 0 (non-
bonding) to the bond length below and above the equilibrium 
value, respectively. Finally, we will add bond values from three 
bonds together as a single indicator of the bonding of Cu12e to 
this Sb atom. This indicator, called bond number, is also shown 
in the top panel of Figure  10 . The bond number of Sb atom 
varies from 0 to 3, with an average value close to 1.5. A value of 
3 corresponds to three short pairs and a value of 0 corresponds 
to three long pairs. The bond number values of 1 and 2 are fre-
quently observed.  

 For each Sb atom, we have more bonding confi gurations (3) 
than the actual number of bonds (1.5). Focusing on the Cu12e 
atom, there are two bonding confi gurations to Sb on either side 
of the triangular plane but only one Cu12e Sb bond exists at 
any time. We will call such a phenomenon as bonding fl uctua-
tion. A similar example is the resonant/resonance bonding in 
benzene. The argument is that six, instead of 12, electrons are 
shared among six C C bonds. Alternatively, this means there 
are six bonding confi gurations but the actual number of “bond 
pairs” (each bond pair has exactly two electrons) is only three. 
In solids, a hypothetical Sb solid was used as an example, in 
which three  p  electrons of each Sb atom form six bonds. [ 26 ]  In 
these literatures, the concept of resonance is associated with 
electron delocalization. In the present discussion of Cu 12 Sb 4 S 13  
tetrahedrites, the bonding fl uctuation is associated with the 

slower atomic delocalization of Cu12e, which is driven by its 
interaction with the electron lone pair of Sb atom.   

  3.     Discussion and Conclusion 

 In this work, we studied the chemical bonding and atomic 
dynamics of a prototypical tetrahedrite Cu 12 Sb 4 S 13  or (Cu12d) 

12 (Cu12e) 12 (Sb8c) 8 (S2a) 2 (S24g) 24 , with a combination of fi rst-
principles simulation and synchrotron diffraction experiments. 
Results from the simulation are largely consistent with those 
from experiments, which allows us to gain deeper insight 
into the atomic and electronic structure and dynamics of the 
material. 

 We believe that the unique structural and bonding charac-
teristic in Cu 12 Sb 4 S 13  is the interaction of Cu12e with electron 
lone pairs of Sb. This effectively modifi es the CuS 3 , i.e., (Cu12e)
(S2a)(S24g) 2 , trigonal planes to Sb[(Cu12e)S 3 ]Sb trigonal bipy-
ramids, thus creating the oversized, although only fi ve-atom, 
atomic cage that is required in the context of PGEC and rattlers. 
Inside this cage, Cu12e forms a triangular plane with two S24g 
atoms and one S2a atom, with strong (bond order ≈ 0.75) and 
intermediately strong (bond order ≈ 0.66) covalent bonding to 
S24g and S2a, respectively. Along the out-of-plane direction, a 
weak (bond order ≈ 0.10) bonding confi guration exists between 
Cu12e and one of the Sb atoms (bonding fl uctuation) that 
varies from lone pair to covalent bonding. In the meantime, 
the lone-pair electrons also effectively modify the SbS 3  trigonal 
pyramids to S 3 SbCu 3  trigonal antiprisms with bonding fl uctua-
tion at the Sb site. 

 We believe such strong local bonding asymmetry is the 
origin of anharmonic rattling. The bonding fl uctuation at 
Cu12e site enabled by lone-pair electrons adds perturbations to 
the potential energy surface and naturally leads to a  symmetric 
but fl at (anharmonic) potential. This fl at potential  surface 
induces quasilocalized rattling modes with low  frequency 
and large amplitude. These vibration modes are mainly along 
the  out-of-plane direction with an energy or  frequency value 
of ≈4 meV, 48 K, 1 THz, or 33 cm −1 . In a recent study on 
Cu 3 SbSe 3 , a link was presented between the chemical-bond 
hierarchy (i.e., bonding asymmetry), part-crystalline/part-liquid 
state, and rattling behaviors. [ 20b ]  However, the origin of bond 
hierarchy, especially the role of lone-pair atom (Sb), was not 
discussed. We expect that lone-pair electrons of Sb will have a 
similar infl uence in Cu 3 SbSe 3  considering the similar crystal 
structure of these two compounds. 

 The correlation of local structure, bonding asymmetry, and 
rattling behavior was also observed in ionic conductors with 
predominantly ionic bonding. For example, a characteristic 
cluster in lithium garnet oxides Li 5 La 3 Ta 2 O 12  is (Li24d)[(Li48g)
O 6 ](Li24d) in which Li24d and Li48g sit inside a tetrahedral and 
octahedral cage, respectively. [ 27 ]  This cluster can be considered 
as the oversized atomic cage analogous to Sb[(Cu12e)S 3 ]Sb trig-
onal bipyramids in tetrahedrites. The center of the cage (48g 
site) is characterized by two short, two intermediate, and two 
long Li–O distances. This asymmetry intrinsically drives the 
on-center Li atom to move off-center, favoring a four coordina-
tion. Furthermore, Li48g in the octahedral cage can be repelled 
by the neighboring Li24d atoms due to their close proximity (≈2 
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 Figure 10.     Bond length values (bottom panel) of three Cu12e–Sb atomic 
pairs (black, red, and blue) and the overall bond number (top panel) 
around one Sb atom.
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Å). The two tetrahedral Li atoms are analogous to Sb atoms in 
tetrahedrites and can take the occupancy pattern of (0 0), (1 1), 
or (0 1). This dynamic and asymmetrical bonding environment 
causes the rattling motion of Li at the 48g site. Since the octahe-
dral and tetrahedral cages in lithium garnet oxides are continu-
ously connected, the rattling mode propagates through all the 
cages, converting rattlers to diffusing atoms and ionic conduc-
tion. These materials exhibit the classical part-crystalline and 
part-liquid structure and dynamics. [ 27b ]  

 In the context of thermoelectric performance, we believe that 
the anharmonic rattling mode in tetrahedrites is the reason for 
low thermal conductivity. One of the hypotheses is based on the 
concept of “avoided crossing,” [ 28 ]  in which the localized vibra-
tion mode fl attens the heat-carrying acoustic phonon branch. 
In Cu 12 Sb 4 S 13 , it means that the acoustic phonon branch is sup-
pressed to below 4 meV by the out-of-plane motion of Cu12e. 
This reduces the mean sound velocity and contributes to the 
low thermal conductivity. In addition, localized rattling modes 
can contribute to resonant scattering of phonons, [ 21 ]  which can 
be considered as a different fl avor of “avoided crossing.” [ 29 ]  The 
present work suggests that we can look for compounds that 
host local structure asymmetry (to provide bonding asymmetry) 
and lone pair atoms (to provide bonding asymmetry and rattling 
modes), in order to search for thermoelectric materials with 
minimum thermal conductivity. This provides a stepping stone 
to the discovery and design of next-generation thermoelectrics.  

  4.     Experimental Section 
  Materials Synthesis : Stoichiometric quantities of high purity raw 

elements—copper pellets (99.999% Alfa Aesar), antimony shot 
(99.999% Alfa Aesar), and sulfur chunks (99.999%, Alfa Aesar)—were 
loaded into a quartz ampoule and evacuated to 10 −5  Torr. The ampoule 
was subsequently sealed, suspended in a vertical furnace, heated at a 
rate of 0.3 °C min −1  to 700 °C, and soaked for 12 h. The furnace was 
then cooled to room temperature at the rate of 0.4 °C min −1 . In order 
to obtain homogeneous single phase tetrahedrite, the resulting ingot 
was ground into powder and cold pressed into a pellet, which was 
reampouled under vacuum and heat treated for one week at 450 °C. 
The fi nal product was pulverized into fi ne powders by hand using agate 
mortar and pestle. 

  Synchrotron Diffraction and Data Analysis : Synchrotron X-ray diffraction 
data of Cu 12 Sb 4 S 13  powders were collected at the 11-BM beamline (100 
and 295 K) at the Advanced Photon Source of the Argonne National 
Laboratory. The wavelength of synchrotron radiation was 0.459004 Å. 
The Rietveld refi nement and maximum entropy method analysis were 
performed using Jana2006 [ 30 ]  and Dysnomia, [ 31 ]  respectively. 

  First-Principles Calculation and Data Analysis : DFT-based atomistic 
simulations were performed with the Projector Augmented Wave 
method [ 32 ]  implemented in the Vienna Ab initio Simulation Package 
(VASP) package. Generalized gradient approximation of Perdew–Burke–
Ernzerhof parametrization [ 33 ]  was used for the exchange-correlation 
functional. Valence electron confi gurations for Cu, Sb, and S atoms 
are 3p 6 4s 1 3d 10 , 5s 2 5p 3 , and 3s 2 3p 4 , respectively. The simulation cell 
was 1 × 1 × 1 supercell with 58 atoms. The plane-wave cutoff energy 
was 450 eV with a Gamma point for MD simulation and 3 × 3 × 3 
Monkhorst–Pack  k -point meshes for static calculation. Constant 
number, pressure, and temperature simulations were performed with a 
Langevin thermostat and Parrinello–Rahman barostat to obtain lattice 
parameters at different temperatures. Then constant number, volume, 
energy simulations were performed with 2 ps for equilibration and 10 ps 
for sampling atomic trajectories. The time step of MD simulation was 

1 fs. Atomic charges based on the Bader charge scheme [ 17 ]  and DDEC 
scheme [ 18 ]  were obtained from the Bader charge analysis code [ 34 ]  and 
DDEC code, [ 18 ]  respectively. The effective bond orders between atomic 
pairs were calculated from the DDEC code. ELF maps were produced 
intrinsically in VASP. We calculated the time-averaged number density 
of atom species  i  as  ρ i  (  r  ), also called atomic p.d.f. or nuclear density, 
using the same approach as in the literature. [ 27b ]  Briefl y, we fi rst divided 
the simulation cell into cubic pixels with roughly 0.1 Å in length. Then 
we recorded whether each pixel was occupied by an atomic species, 
e.g., Cu or Sb, at each time step. Finally we averaged over all time 
steps to obtain the probability and then probability density. The one-
particle-potential (O.P.P.) is related to the atomic p.d.f. as − k  B  T  ln  ρ i  (  r  ). 
Atomic MSDs were calculated according to the standard defi nition 

∑δ = −
=

r t N r t ri i i j i j
j

Ni

( ) 1/ ( ) (0)2
, ,

2

1
, where   r    i,j   is the position of  j th 

atom in atomic species  i  and  N i   is the number of atoms of species  i . 
VDOS were calculated from the Fourier transform of the mass-weighted 
velocity autocorrelation function, [ 35 ]  with a Hanning window function 
to reduce truncation errors. [ 36 ]  3D isosurface, 2D contour, and 1D line 
profi le plots were drawn with the VESTA program. [ 37 ]   
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